INTRODUCTION AND PRELIMINARIES
We study the boundedness and the periodic character of the solutions of the equation ␣ x q ␤ x ¡ n n y 1 , if x qx is even, The following lemmas will be useful in the sequel. 
Ž .
Ž . a The tri¨ial solution x s 0 is an equilibrium solution of Eq. C .
Ž . b The only solution of Eq. C which is e¨entually equal to zero is the tri¨ial solution x s 0.
Ž . Ž . c
Any odd multiple of a solution of Eq. C is also a solution of Eq. Ž .
Ž . C . In particular, the negati¨e of a solution of Eq. C is also a solution of Ž . Eq. C .
The following lemma reduces the number of equations to be studied from 16 to 8. statements are true.
Ž .
i Except for possibly the first semicycle, e¨ery e¨en semicycle has exactly one term.
ii Except for possibly the first semicycle, e¨ery odd semicycle has at least two terms. 
x is odd, ␥ x G 0, and ␦ x G 0. eventually constant. If ␥ и ␦ s 1, the result is true by Lemmas 1.1 and 1.6. So suppose ␥ и ␦ s y1.
Case 1. Suppose ␥ s 1 and ␦ s y1. For the sake of contradiction, suppose there exists no n G 0 such that x x G0. Then for all n G 0,
It follows that x q x is even for all n G 0. Hence by
is eventually constant. This is a contradiction.
Case 2. Suppose ␥ s y1 and ␦ s 1. Then by Lemmas 1.1 and 1.4, it follows that we may assume that x ) 0 is odd and that x -0 is even. Remark 1.1. As the reader will see in Sections 3.5 and 3.8, we only have Ž . Ž . Ž . conjectures for the cases ␣, ␤, ␥ , ␦ s 1, y1, 1, 1 and ␣, ␤, ␥ , ␦ s Ž . 1, y1, y1, y1 and their duals.
BOUNDEDNESS OF SOLUTIONS

Ž .
The following lemmas give bounds for the solutions of Eq. C .
be a solution of Eq. C . Suppose ␣ s ␥ s 1 n nsy1 < < < < < < and ␦ s y1. Then x F x q x for all n G y1.
Proof. We shall prove by induction that for every n G 0,
The claim is clearly true for n s 0. So suppose n G 0 and that
We shall show that
by the inductive hypothesis. Recall that if
while if x q x is odd, then n n y 1
and so in either case,
while if x q x is odd, then n n y 1 < < < < x yx sx , n q 1 n n y 1 < < < < < < and so in either case, x y x F x q x .
Ž . Proof. For each n G 0, let P P n be the following proposition:
is odd and x is even, then x , x , y x q x , ny 1 n n y 1 n n y 1 n < < < < < < y x q 2 x Fx q 2x.
n y 1 n y 1 0 Ž . Ž . We shall show by induction that P P n is true for all n G 0. Clearly P P 0 Ž . is true. Suppose n is a nonnegative integer and P P k is true for k s Ž . 0, 1, . . . , n. It suffices to show that P P n q 1 is true. < < < < < < Case 1. Suppose x and x are both odd. Then
Note that
is odd. Then x and x are both odd.
nq 1 n n q 1 Ž . < < < < < < < < Thus P P n q 1 is the statement x , x F x q 2 x , and nothing n n q1 y1 0 remains to be shown. Ž . Case b . Suppose x is even. Then x is odd and x is even, and
Case 2. Suppose x is even and x is odd. Then
and x s yx q x . In particular, x is odd and x is odd. Thus
Case 3. Suppose x is odd and x is even. Then
and x s yx q x . In particular, x is even and x is odd. Hence
, y x q x F x q 2 x , and n n q 1 n n q 1 y 1 0 < < < < < < so it remains to show that y x q x F x q 2 x . But n n q 1 y 1 0
be a solution of Eq. C such that e¨ery e¨en n nsy1
semicycle has length 1. Suppose ␣ s ␤ s 1 and ␥ s ␦ s y1. Then the following statements are true.
is e¨en and x is odd, then x F 2 x q x .
is odd, and x is odd, then x F x q x .
Ž . n G 1, let P P n be the following proposition:
is odd, and x is odd, then x F x q x and ny 1 n n y 1 0
The proof will be by induction on n G 1. Ž . To show: P P 1 is true. 1 < < < Suppose x is even. Then x and x are both odd and x s x q 1 0
a Suppose x is even. Then x is odd and x s yx y x . Thus
Ž . Ž . Ž . Suppose n G 1 and P P 1 , P P 2 , . . . , P P n are all true.
Ž . To show: P P n q 1 is true.
is even. We must show x F x q x . We nq1 nq1 y1 0 know x and x are both odd. Thus by the inductive hypothesis,
is odd and x is even. We must show x F nq 1 n n q 1 Ž < < < <. < < < < < < 2 x qx and x q x F x q x . Clearly x and x are y1 0 n n q 1 y 1 0 n y 1 n y 2 < < < < < < both odd. Since x and x are both odd, we have x F x q x .
is odd and x is odd. We must show that x F nq 1 n n q 1
qx Fx qx and so x s x q x F x q x . Also,
II Suppose x is odd. Now x and x are odd and so
Also, x and x are odd and so x F x q x .
3. PERIODIC CHARACTER OF SOLUTIONS is not eventually constant.
First Equation
be a solution of Eq. 1 which is not eventually n nsy1
constant. Clearly there exists N G y1 such that either x ) 0 for all 
Dual of the First Equation
where x , x g Z. periodic. It follows that there exists an integer M ) 0 such that yM F Ž . x F M for all n G y1. Because the negative of a solution of Eq. 3 is n Ž . also a solution of Eq. 3 , without loss of generality we may also assume that x -x s M. 0, 1, y1, 0, y1, 1, 0, 1, y1, 0, y1, 
Dual of the Second Equation
2kq1 s 2lq1 q2 2kq1 , and x 3 4 Ž . p y 2 Ž . s y 2 l q 1 . The next term is x s 2 2kq1 , and so by Lemma 2.3,
Ž . which is impossible. Thus it is true that p s 1. So x s 2 2k q 1 , 
which is impossible. Thus it must be that x is odd, and hence that Ž .
which is impossible. Thus x is odd.
5
Suppose now that there exists N G 1 such that the following statements are true for all 0 F n F N: l q k q 1 is odd, and it follows easily by induction that for n G 1, is an integer, and thus for all n G 1,
Ž . is also an integer, from which we see that l y k s 0. -cycle 1, 0, 1 , the three-cycle y1, 0, y1 , the four cycle 2, 1, 3, y1 , Ž . or the four-cycle y2, y1, y3, 1 .
Fourth Equation
Ž . 
2mq1 , and x s y 2l q 1 y 2 q 2 2 3 x s 2m q 1 , x s 2m q 1 q m q l q 1 , x s y2 2m q 1 and so
Ž . This is impossible by Lemma 2.4 iii , since x s M is odd and, by assump-1 tion, x is also odd. Hence if x is even and x is odd, we must have
, and so the solution x is the three-cycle 0, y1, 1 .
Case 2. Suppose x is odd and x is even. We claim that x s 0. For 
and note that and so we see that either
Ž
. Ž . Ž .
< <
s y 2 l q 1 , and x s y1 2mq1 .
nq1 nq2
Suppose k is odd. Then x s m y l, which is negative. Note that
Ž .
which is impossible. Ž . Suppose k is even. Then x s y m q l q 1 , which is negative. Note
if and only if
Ä 4 ϱ which is also impossible. Thus it is true that x s 0, and so x is the 0 n nsy1 Ž . three-cycle y1, 0, 1 .
Dual of the Fourth Equation
be a solution of Eq. 4* , and suppose that n nsy1
is either e¨entually the two-cycle 1, y1 y1 0 n nsy1 Ž . or the six-cycle y1, 0, 1, 1, 0, y1 .
Fifth Equation
Ž . Ž . Ž . 5 is either eventually the three-cycle 0, 1, 1 , the three-cycle 0, y1, y1 , Ž . or the ten-cycle 2, 5, 7, 1, y3, y2, y5, y7, y1, 3 .
Dual of the Fifth Equation
Consider the ⌬ E yx y x n n y 1
be a solution of Eq. 5* , and suppose that n nsy1
is either eventually the five-cycle
, 7, y1, y3 , the five-cycle y2, 5, y7, 1, 3 , or the six-cycle Ž . y 1, 1, 0, 1, y1, 0 .
Sixth Equation
Ž . We claim that x x s0.
y1 0
For the sake of contradiction, suppose that x x /0. For each n G 0, y1 0 Ž . let P P n be the following proposition:
Ž . n n i x s y1 x r2 and x is even;
Ž . We shall show by induction that P P n is true for all n G 0. We shall Ž . first show that P P 0 is true. It suffices to show that x is even. For y1 the sake of contradiction, suppose that x is odd. Then x is odd, y1 y1
x is even, x is odd, x s x y x s yx is odd, and so x s Ž . even, and so P P 0 is true.
Ž . We next suppose that n G 0 and P P n is true, and we shall show that Ž . P P nq1 is true. Since x is even, we see that
We shall next show that x is even. So for the sake of contradic-
Thus by Lemma 2.2,
and so we see that x s 0. This contradicts our assumption that x x /0.
Thus it is true that x is even. The rest of the proof that y1 q3Ž nq1.
Ž . P P nq1 is true is a simple computation and is left to the reader.
Ž . n Ž n . So in particular for n G 0, x s y1 x r2 , from which we see y1 q3 n y1 that x s 0. This contradicts our assumption that x x /0. Thus the y1 y1 0 Ž . claim that x x s0 is true. So as gcod x , x s 1, it follows that
is the six-cycle y1, 0, 1, 1, 0, y1 .
n nsy1
Dual of the Sixth Equation there exists a constant M ) 0 such that yM F x F M for all n G y1. Ž . Ž . Ž . Ž . and so 2 l q 1 q 2 2k q 1 F 2k q 1 q 3k q l q 2 . Thus 2 l q 1 q 4 k q 2 F 5k q l q 3, from which it follows that l F k. This is impossible. 1 1 w Ž . Ž .x w x Hence x is odd, and so x s l y k y 2 l q 1 s y l q k q 1 . Ž . Ž . Eq. 8 is eventually either the three-cycle y1, y2, 3 , the three-cycle Ž . Ž . Ž . 1, 2, y3 , the four-cycle y1, 0, 1, y1 , or the four-cycle 1, 0, y1, 1 . Ž . Ž . Ž 1, 0, y1, y1 , the four-cycle y1, 0, 1, 1 , or the six-cycle 1, y2, y3, . y1, 2, 3 .
Dual of the Eighth Equation
